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OUTLINE

• some classical fluid dynamics
• Navier-Stokes equation
• vortices and turbulence
• cascades and energy spectra

• superfluids and quantized vortices
• Gross-Pitaevskii hydrodynamics
• quantum/superfluid vortices
• point vortex approximation

• topics in superfluid 2D turbulence 
• statistical hydrodynamics and Onsager vortices
• negative absolute temperatures
• evaporative heating mechanism
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topology

Clickerless clicker question:
Which of these objects are topologically 

“equivalent” (homeomorphic)? 

A  pretzel and Klein bottle
B  coffee cup, Möbius strip and doughnut
C pretzel and doughnut
D coffee cup and Klein bottle



u = u� + u⊥ ∇ · u⊥ = 0 ∇× u� = 0

ν = 0

du

dt
=

∂u

∂t
+ (u ·∇)u = −∇p

ρ
+ ν∇2u+ f
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basics of fluids

�
F = ma

∇ · u = 0

incompressible Navier-Stokes 

Helmholz decomposition

ω = ∇× u
vorticity

invicid if kinematic viscocity



(u ·∇)u = ∇u2/2− u× (∇× u)

∂u

∂t
− u× (∇× u) = −∇

�
1

2
u2 +

p

ρ

�

∂ω

∂t
= ∇× (u× ω) = −u ·∇ω + ω ·∇u

ω = ∇× u
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basics of fluids

vector identity

vorticity equation

du

dt
=

∂u

∂t
+ (u ·∇)u = −∇p

ρ
+ ν∇2u+ f
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conservation laws

E =
1

2
ρ

�
u2 d3r

P = ρ

�
u d3r

dE

dt
= 0

dP

dt
= 0total momentum

total energy

W =

�
ω d3r

Ω =

�
ω2 d2r

dW

dt
= 0

dΩ

dt
= 0

total vorticity

total enstrophy only in 2D!



Γ =

�
u · dl =

�
ω · dS dΓ

dt
= 0

H =

�
u · ω d

3r dH

dt
= 0
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theorems of Kelvin and Helmholz

compare Liouville theorem

helicity

circulation

ω = ∇× u



∇ · ω = 0
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theorems of Kelvin and Helmholz

a vortex line is everywhere 
tangential to vorticity vector

must form a closed loop or end at a boundary (infinity)

moves with the fluid it is embedded in
dΓ

dt
= 0
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some properties of vortices

vortex-antivortex pair (vortex ring) 
translates at constant velocity v ~ 1 / d
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ω(k) ≈ Γk2

4π log
�

1
ka

�

ω±(k) = Γ
2πa2

�
1±

�
1 + kaK0(ka)

K1(ka)

�

Thomson (Lord Kelvin), Philos. Mag. 10, 155 (1880)

Kelvin waves: helical perturbations of a vortex line

some properties of vortices
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some statements regarding vortices

vortex reconnection / pair annihilation
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some statements regarding vortices

Crow instability
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Fig. 1 Vortex trail of a B-47, photographed with a camera
aimed straight upwards. The time elapsed since the pas-

sage of the aircraft appears under each picture.

tex lines interacting in neutrally stable air. The vortices are
convected in their own induced field. Gusts or flight-path
irregularities displace the two lines slightly in a random fash-
ion, and the displacements amplify under mutual induction.
The wavy pattern seen in practice is the most rapidly growing
mode of instability. The model appears fully capable of ex-
plaining the observations, so buoyancy is probably not an es-
sential mechanism.

2. Convection in the Induced Field

The analysis begins with the kinematic relation4 between
vorticity and velocity in an incompressible fluid:

2
£ r" X

(1)

where n takes on the values 1 and 2. Equation (1) gives the
velocity at a point on the nth vortex in terms of the relative
position Rmn, length dLm, and strength Tm of all the vortex ele-
ments in the flow. Some of the geometrical quantities are
illustrated in Fig. 2. The vector distance from an element of
vortex n to another of vortex m satisfies

- Xn) ~ *„) . + (ln
f - Tn) (2)

where the first two terms on the right involve the locations of
the unperturbed vortices, and the third represents radial dis-
placement from their nominal positions. The primes are used
to distinguish points lying on the same vortex, in case m = n.

The displacement rn has components in the lateral and verti-
cal directions and is a function of xn and t: rn = evyn(xn,t) +
ez(x,t). The relation between dL and a displacement dx
in the ex-direction is apparent from the detail sketch of Fig. 3:

Fig. 2 Geometrical quantities entering the analysis.
The vortices are viewed from above, so the aircraft generat-
ing them lies beyond the upper left-hand corner of the

figure.

The circulations Tn and lateral locations sn are related to the
quantities shown in Fig. 2 as follows: FI = — F0, F2 = + F0;
Si = — b/s, s2 = + 6/2. In the absence of perturbations, the
vortices drift downward at a rate T/2Trb, so the coordinates of
Figs. 2 and 3 must be envisaged as moving downward at that
rate as well.

The only dynamics implied in Eq. (1) is the circulation
theorem, which enabled Tm to be removed from the integral as
a constant. The vorticity-transport theorem closes the dy-
namical problem: in an inviscid and neutrally buoyant fluid,
elements of a vortex line move with fluid particles. In mathe-
matical terms,

drn/d£ + un(c)rn/dxn) = eyvn + ezwn  (4)
where (un,vn,Wn) are the components of Un + ez(T0/2wb),
which is the velocity of convection with respect to the down-
ward moving coordinates. Equations (1-4) thus provide a
self-contained description of the vortices as they evolve in
their induced field.

It is necessary to depart from the notion of vortex lines to a
certain extent, however, in order to account properly for the
self-induction of a vortex. Otherwise a difficulty arises with

the m = n term on the right of Eq. (1): the line integral di-
verges logarithmically around |Rnn| = 0. The divergence is
artificial, because the vortices actually have finite core diam-
eters as shown in the figures. Elements of a vortex lying
within a core diameter of each other cannot be idealized as in-
teracting lines. Some means must be provided to relax the
singularity in the self-induction integral, and the means
adopted here is to cut the integral off an arc-length d on either
side of the point |Rnn| = 0. Rosenhead5 and Hama6 have
used similar artifices to account for self-induction in other con-
texts. The cutoff distance d is taken as proportional to the
diameter c of the vortex cores. The constant of proportion-
ality is calculated approximately in Sec. 6, where the cutoff
method is applied to two problems whose solutions by other
means are known.

The system of Eqs. (1-4), together with the cutoff method
for evaluating self-induction, is a model of the phenomenon
shown in Fig. 1 rather than an exact theory. The model is
probably as sound as the notion of compact trailing vortices
itself, and it has the advantage of suppressing irrelevant com-
plications that would arise in an exact theory, like surface

Fig. 3 Relation be-
tween an arc-length
dL and a displace-
ment exdx down the
longitudinal axis.

dLn = (e* (3)

AIAA J. 8, 2172 (1970)
Phys. Rev. A 84, 021603(R) (2011)

http://dx.doi.org/10.2514/3.6083
http://dx.doi.org/10.2514/3.6083


R =
Lu

ν

R � 1000

R ∝ (u ·∇)u

ν∇2u
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phenomenology of turbulence: symmetry breakings

Reynolds number

expect turbulence for
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R =
λcu

ν

phenomenology of 3D turbulence: energy spectrumHowisturbulentenergydissipatedinasuperfluid?
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Figure4.TheRichardsonandKelvin-wavecascades.

equation(9)wefindthenthat

ε∼κ3 #−4 =κ3 L2 0=Aκ(κL)2 ,

(12)

wherethedimensionlessfactorAisalittlelargerthanunity.Thequantity (κL )2 hasthe

dimensionsofvorticitysquared,anditisclearthat,sinceallvorticityinthesuperfluidis

confinedtothecoresofvortexlines,thisquantitymustbesomemeasureofthemeansquare

vorticityinthefluid(see[11]forafulldiscussion).Wecanthereforecompareequation(12)

withequation(4),tofindthattheturbulentsuperfluidhasaneffectivekinematicviscositygiven

by

ν′ =Aκ.

(13)

Thustheturbulentsuperfluidisbehavingasfarasdissipationisconcernedlikeaclassical

fluidwithaneffectivekinematicviscosityequaltoroughlythequantumofcirculation.Asa

resultofwhatisprobablyanumericalaccident,thisvalueofthekinematicviscosityisnot

verydifferentfromthatofthenormalphaseofliquid4 He.Thusinapossiblequestforavery

highReynoldsnumberinturbulentflownothingseemstobegainedbycoolingthehelium

fromthenormalphasetoaverylowtemperatureinthesuperfluidphase.Thisconclusion

holdsinspiteofthefactthatthesuperfluidhaszeroviscosity:ouranalysissuggeststhatthe

quantizationconditionsgoverningturbulentflowinthesuperfluidphasehavethecuriouseffect

ofintroducingdissipationataratesimilartothatinthenormalphase.Itremainstobeverified

experimentallywhetherthisisindeedthecase.
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E(k) = C�αkβ

[E(k)] =
L3

T 2 [�] =
L2

T 3
[k] =

1

L

E =

�
E(k)dk

α = 2/3 β = −5/3

� = −∂E

∂t

3 = 2α− β
2 = 3α

phenomenology of 3D turbulence: energy spectrum
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Ω(k) = C �ηαkβ η = −∂Ω

∂t

β = −1

[η] =
1

T 3[Ω(k)] =
L

T 2
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ω2 d2r

phenomenology of 2D turbulence: energy spectra

enstrophy conserved!

α = 2/3

ω = ∇× u

EΩ(k) ∝ k−2Ω(k)
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major prediction of 2D turbulence: “Onsager vortices”

• geostrophic flows 
• soap films
• computer simulations
• Jovian atmosphere

potentially particularly relevant to  superfluids...
Onsager 1949:
“Vortices in a superfluid are presumably quantized; the quantum of 
circulation is h/m, where m is the mass of a single molecule”

quantum/superfluid turbulence!

Onsager 1949
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Clickerless clicker question:

A  need a quick break now
B  keep going till the end
C  “Please stop. I’m bored. Please stop. I’m bored.”
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superfluids are unlike normal fluids

normal fluid superfluid

“frictionless flow”
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quantized vortices

helium II atomic BEC

micronÅngstöm
core size of vortices
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superfluidity

“Superfluidity is a complex of phenomena”
superfluids can be modelled by  
“macroscopic wavefunctions”

a simple model that works well e.g. for atomic BECs

i�∂φ(r, t)
∂t

=

�
− �2
2m

∇2 + Vext(r) + g|φ(r, t)|2
�
φ(r, t)

Gross-Pitaevskii equation /  nonlinear Schrödinger equation
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�
vs · dl = nκ

κ =
h

m
n

θ(r) = arctan(y/x)

n(r) = |φ(r)|2

P (r) =

�
φ∗(r)φ(r)dV

quantization of vorticity: “topological excitations” 

postulate of quantum mechanics

compare Kelvin theorem:
quantization versus conservation of circulation

quantum of circulation

integer winding number / vortex charge

v =
h

m

�

r

geometric (Berry) phase 

φ(r) = |φ(r)| eiθ(r)

vs(r) ≡
�
m
∇θ(r)
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quantum hydrodynamics

Madelung transformation

complex function is zero iff both its real and imaginary parts are zero:

i�∂φ(r, t)
∂t

=

�
− �2
2m

∇2 + Vext(r) + g|φ(r, t)|2
�
φ(r, t)

φ(r, t) = |φ(r, t)|eiθ(r,t)

Re = 0: continuity equation

Im = 0: Euler-like equation

nc(r, t) = |φ(r, t)|2

j(r, t) =
�

2im

�
φ∗(r, t)∇φ(r, t)− φ(r, t)∇φ∗(r, t)

�

equivalent to solving GPE!

superfluid velocity -  not the 
velocity of a particlej(r, t) ≡ mncvs(r, t) vs(r, t) =

�
m
∇θ(r, t)

∂nc

∂t
+∇ · (ncvs) = 0

m
∂vs

∂t
= −∇

�
1

2
mv2

s + Vext(r, t) + gnc −
�2

2m
√
nc

∇2√nc

�
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quantum hydrodynamics reduces to classical hydrodynamics

∂v

∂t
=

1

m
∇

�
�2

2m
√
nc

∇2√nc

�
−∇

�
v2

2

�
− 1

m
∇Vext(r, t)−

1

mnc
∇p

µ = gnc

dp = ncdµ
Gibbs-Duhem

quantum pressure  momentum

∂v

∂t
= v × (∇× v)−∇

�
v2

2

�
− 1

m
∇U − 1

mn
∇p+ ν∇2v

(v ·∇)v = −v × (∇× v) +∇
�
v2

2

�

 classical

 quantum

irrotational inviscid

uniform

 superfluid velocity vs particle velocity!
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FMagnus = Γêz × (v − v�)

2D point vortex approximation: only consider kinetic energy of flow

H = −
�

i<j ΓiΓj log (ri − rj)

describe an arbitrary continuum velocity field of a fluid as a 
sum of N velocity fields due to discrete point vortex charges

Ev =

�
1

2
m|φ|2v2dr =

mn

2

� R

rc

h2�2

m2r2
rdr2πL =

�2n�2πL
m

ln

�
R

|�|rc

�

E =

�
φ∗(r)

�
− �2
2m

∇2

�
φ(r)dV
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2D point vortex approximation in a disc geometry
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ṗ = −∂H

∂q

q̇ =
∂H

∂p

ẋ = −∂H

∂y

ẏ =
∂H

∂x

equations of motion: dynamics is Hamiltonian

particle in 1D vortex in 2D

phase space equals real space!

boundedness of phase space result in 
negative absolute temperature states 
(entropy has a maximum)!
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S ∝ 2 log(r)

p(F ) = e−βF = e−β(E−TS)

∇2U(r) = −2πδ(r− r�)

two-dimensional systems are special

U ∝ 1

r

U ∝ log(r)

U ∝ r

3D

2D

1D
phase space equals real space: entropy

gravity, electromagnetism



Tapio Simula, VSSUP 2014

Monte Carlo thermodynamics
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p(F ) = e−βF = e−β(E−TS)

E =
ρκ2

4π
log

�
R

ξ

�

Tc =
1

2

ρκ2

4π

S = 2kB log

�
R

ξ

�

phase transitions in a two-dimensional Coulomb gas

positive temperature
(low entropy, low energy)

E = 2
ρ(N2 κ)

2

4π
log

�
D

ξ

�

S =
N

2
kB log

�
ξOV

R

�

Tc = −ρκ2

8π
N

negative temperature
(low entropy, high energy)
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negative temperature Onsager vortex phase transition



Tapio Simula, VSSUP 2014

1

T
=

∂S

∂E

T = 0+

T > 0 T < 0
Energy

En
tro

py
 

T = 0−

PC NS

EBCBEC

T = ±∞

OV

E < |T |SE > |T |S E > |T |S

TOVTPC

diagram of phases
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negative temperature Onsager vortex phase transition

What about real superfluids?

So much for the point vortex model.

note: this GPE is conservative 
(no damping / dissipation)
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evaporative heating of vortices

T > 0 T < 0

Energy

En
tro

py
 

annihilating vortices are “cold”, leaving 
remaining vortices to equilibriate at a 

higher mean energy per vortex! 

second law and arrow of time?
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two degrees of freedom!

vortices and sound waves
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evaporative heating of vortices
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2D analogies

• GPE  -  Navier-Stokes correspondence
• quantum hydrodynamics

• XY model 2D Maxwell correspondence
• massless vortex charges

• gravity  -  fluid correspondence
• holographic principle
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Gross-Pitaevskii equation  --- Navier-Stokes
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∇ ·Bv = 0

∇ ·Ev = 2πρ

∇×Ev = − 1
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XY model equivalence to 2D electromagnetism (Maxwell)

Coulomb charge (electric charge) vortex charge (quantum of circulation)
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gravity - fluid correspondence

Holographic Path to the Turbulent Side of Gravity
Phys. Rev. X 4, 011001 (2014) 

Holographic Vortex Liquids and Superfluid Turbulence 
Science 341, 368 (2013) 
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further directions

• spinor (vector) order parameters

• fractional vortices, (monopoles, skyrmions...)

• spin-turbulence

• non-Abelian vortices (topological QC ...)

• “rung-mediated” non-Abelian turbulence 
• vortex reconnections forbidden!
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take home slide on 2D (quantum) turbulence

• enstrophy conservation leads to an 
inverse energy cascade

• finite phase space leads to absolute 
negative temperatures

• emergence of giant “Onsager vortices” 
     via inverse energy cascade or vortex      
     evaporative heating mechanism


