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Starting points - a (partly) Aussie story

Hanbury-Brown used coincidence detection to study stellar
diameters, at Jodrell Bank and Narrabri (NSW)
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Intensity Interferometry

What is intensity interferometry?

The current noise in two optical (or radio) telescopes should
be correlated for sufficiently small separations d.
Used to measure distant stellar diameters.
Short-distance HBT correlation implies photon “bunching”.
Provides evidence for Bose statistics of photons!
What happens in a BEC? In a Fermi gas?
When are atoms bunched or antibunched?
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The Hanbury Brown and Twiss experiment 1956

"The experiment shows beyond question that the photons in the
two coherent beams of light are correlated and that this correlation
is preserved in the process of photoelectric emission."
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Measurement of a stellar diameter

Independent photons from different parts of a star "stick together"
("photon bunching")
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Original HBT apparatus

Aerial photo and illustration of original HBT apparatus
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Speckle interpretation of intensity interferometry
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Intensity interferometry with a laser
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Correlations for a laser on a rotating, ground glass plate
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Photon interpretation using quantized fields (Glauber)

P(t, t ′) =
〈
: I (t) I

(
t ′
)

:
〉

=
〈
E− (t)E−

(
t ′
)
E+
(
t ′
)
E+ (t)

〉

P. D. Drummond Coherence and Phase-space I



Optical coherence and stellar diameters
Laser intensity interferometry

Atomic correlation theory
Atom correlation measurements
Theory of correlations in a BEC

Correlations in phase-space

How do we calculate atomic density in quantum mechanics?

For any operator Ô, the expectation value of the observable is〈
Ô
〉

= Tr
[
ρ̂Ô
]

The observable that corresponds to an atomic density at x is:

n̂ (x) = Ψ̂† (x)Ψ̂(x)

Hence:
n (x)≡ 〈n̂ (x)〉 ≡ Tr

[
ρ̂Ψ̂† (x)Ψ̂(x)

]
Note: Quantum mechanics only tells us about averages, not
individual experiments.
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How do we calculate atomic correlations?

Suppose we count atoms at multiple locations
The observable that is proportional to the rate of counting atoms
simultaneously at x1 x2 . . . xm is:

Ĝ (m) (x1 . . .xm) = Ψ̂† (x1) . . .Ψ̂† (xm)Ψ̂(xm) . . .Ψ̂(x1)

=: n̂ (x1) . . . n̂ (xm) :

Hence:

G (m) (x1 . . .xm) =
〈
Ĝ (m) (x1 . . .xm)

〉
=Tr

[
ρ̂Ĝ (m) (x1 . . .xm)

]
: . . . : means normal ordering, annihilation operators to the right
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Atomic interference experiments

How can we measure the coherence of atoms?
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What about multi-time correlations?

Suppose we count atoms at multiple times and locations, using
delayed coincidences
The rate of counting atoms at positions and times:
x1 = (t1,x1),. . . xm = (tm,xm) is:

G (m) (x1, . . .x2m) =
〈

Ψ̂† (x1) . . .Ψ̂† (xm)Ψ̂(xm+1) . . .Ψ̂(x2m)
〉

=Tr
[
ρ̂Ψ̂† (x1) . . .Ψ̂† (xm)Ψ̂(xm+1) . . .Ψ̂(x2m)

]
Note: two-time correlation functions like
G (1) (x1,x2) =

〈
Ψ̂† (t1,x1)Ψ̂(t2,x2)

〉
require momentum transfer,

eg Bragg scattering, for their measurement.
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m-th order coherence

It is useful to define a normalized coherence function as:

g (m) (x1, . . .x2m) =
G (m) (x1, . . .x2m)√

∏
2m
j=1 n (xj)

We say we have m− th order coherence if the m− th order
correlation factorizes, i.e, we can find a classical field ψ such that:

G (m) (x1, . . .x2m) =ψ
∗ (x1) . . .ψ∗ (xm)ψ (xm+1) . . .ψ (x2m)

If correlations factorize, field is in a coherent state: ρ̂ = |ααα〉〈ααα|
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Atom Laser Gallery (MIT, Munich, Yale)
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He* apparatus (Westbrook, Aspect: Paris)
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MCP detector with delay line anode
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A “time of flight” observation
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Bose vs Fermi correlations
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What is the quantum state of a BEC?

Like laser theory, suppose a BEC is in a coherent state

|φ〉CS = e
∫

d3x[φ(x)Ψ̂†(x)− 1
2 |φ(x)|2] |0〉

Single mode case: let Ψ̂(x) = âu (x), hence:

|α〉CS = eα â†− 1
2 |α|

2
|0〉= e−

1
2 |α|

2

∑
N

αN
√

N!
|N〉

G (m) (x1 . . .xm) = |αu (x1)|2 . . . |αu (xm)|2

Problem: can an isolated BEC have a phase?
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What about a number state?

Can we instead assume a BEC is in a number state?

|φ〉NS = |N〉

G (m) (x1 . . .xm) = N (N−1) . . .(N−m) |u (x1)|2 . . . |u (xm)|2

Problem: evaporative cooling is a random process - how can a BEC
have zero number fluctuations?
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What about a mixture?

The best approximation is a Poissonian mixture of number states

ρ̂ = e−N̄
∑
N

N̄N

N!
|N〉〈N|

Or a mixture of coherent states of unknown phase

ρ̂ =
1
2π

∫
dφ
∣∣αe iφ〉〈

αe iφ ∣∣
Exercise: prove these are one and the same thing!
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Glauber P-representation - example of Gaussian phase-space

This is a method for representing the quantum density matrix with
normal ordering

ρ̂ =
∫

P(ααα) |ααα〉〈ααα|d2M
ααα

Phase-space allows positive probabilities for non-squeezed states

G (m) (x1 . . .xm) =
〈
|α|2m

〉
|u (x1)|2 . . . |u (xm)|2

A positive distribution doesn’t always exists
Advantage: Classical-like distribution function!
Complete coherence =⇒ P(ααα) = δ (ααα−ααα0)
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P-distribution for thermal fields

What is the quantum density matrix for a thermal boson field?
Let Ek = h̄ωk , β = 1/(kBT ),n̂k = â†

k âk ,µ =chemical potential

ρ̂ = exp [(µ−βEk) n̂k ]

Average boson number: n̄k =
[
eβEk−µ −1

]−1

What is the P-distribution for a thermal field?

P(ααα) = exp
[
−|αk |2 /n̄k

]

Correlations:
〈(

â†
k

)m
(âk)m

〉
=
〈
|αk |2m

〉
= (m!) n̄m

k
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SUMMARY

Coherence properties of atoms described by correlation functions

Atom counting can be used to obtain correlations!
Measure fringe visibility to obtain first order coherence
Higher order coherence is characteristic of a BEC
Can be measured using nonlinearities and light scattering
Fermions can have coherence too
Bosons can be in a phase-mixture of coherent states
Can think of a BCS state as a coherent state for fermions
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