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Motivation: Spin-orbit coupling (SOC) 

Spin-orbit coupling plays a key role in different branches of physics. 

Atomic physics Solid-state physics 

topological insulators 
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Number of atoms: 104-106 

Length scale: 100 m 

Temperature scale: 100 nK 

Interaction: s-wave dominant 

 

Confined: harmonic traps 

Ultracold atoms is an ideal table-top system for exploring new states of matter. 

Toolkit: Feshbach resonance + Optical lattice + Cavity + Disorder + SOC 

Motivation: SOC in neutral ultracold atoms? 
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Motivation: SOC in neutral ultracold atoms? 

Y.-J. Lin et al., Nature 471, 83 (2011) (3 March 2011) 

Raman process 
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Motivation: SOC in neutral ultracold atoms? 

Ian Spielman group: PRL (2013). 
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• Experimental realization of  SOC and two-body study (I & II) 

 

 

 

• Anisotropic superfluidity 

 

 

 

 

• Topological superfluid and Majorana fermions 

 

 

 

 

• Fulde-Ferrell superfluidity 

 

 

Outline of the lectures: exotic superfluids  

(No Zeeman field) 

(Out-of-plane Zeeman field) 

(In-plane Zeeman field) 
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Reference: review chapter 

Annual Review of Cold Atoms and Molecules, Vol. 2, 2014 
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Lecture I: few-body physics 
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Simple idea of spin-orbit coupling 

Here, unlike electrons, we don’t care about the real spin of atoms.  

When we say “spin”, we refer to the hyperfine states that atoms stay. 
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Ian Spielman group: PRL (2013). 

+ kR – kR 

Realization of SOC in neutral ultracold atoms 
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Ian Spielman group: PRL (2013). 

+ kR – kR 

(SOC at =0) 

Realization of SOC in neutral ultracold atoms 
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+ kR – kR 

Realization of SOC in neutral ultracold atoms 

P. Wang et al., PRL 109, 095301 (2012). Shanxi University, China 
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Realization of SOC in neutral ultracold atoms 

(gauge transformation):  
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Realization of SOC in neutral ultracold atoms 

H0 + HR 

HRF 
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Realization of SOC in neutral ultracold atoms 

Rashba spin-orbit coupling  
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Equal Rashba and Dresselhaus SOC !!! 
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Recall that in solid state:  

(gauge transformation):  
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Realization of SOC in neutral ultracold atoms 
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Realization of SOC in neutral ultracold atoms 

in-plane  

Zeeman field 

out-of-plane  

Zeeman field 

One-dimensional spin-orbit coupling so far! But already rich physics. 
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Single-particle state 

SOC at =0,  

forget the trapping potential … 
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Single-particle state 



07/12/2007 January 23-24 VSSUP2014 

momentum-resolved radio-frequency (rf) spectroscopy 

Ideally, measure  the single-particle spectral function A(k,) 

Step I. Step II. 

 

 

 

 

 

 

 

 

 

Time-of-flight absorption imaging 

Single-particle state (rf-spectroscopy) 
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Single-particle state (rf-spectroscopy) 

Observation at Shanxi University! 
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Single-particle state (rf-spectroscopy) 

The Fermi golden rule for rf-transfer strength: 

Here, the summation is over all the possible initial states i (with energy Ei ) and 

final states f (with energy Ef) and f (Ei − μ) is the Fermi distribution function. 

The Dirac delta function ensures energy conservation during transition. 
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Single-particle state (rf-spectroscopy) 
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Single-particle state (rf-spectroscopy) 
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Single-particle state (rf-spectroscopy) 

Observed at Shanxi University! 
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Realization of SOC in neutral ultracold atoms 

L. W. Cheuk et al., PRL 109, 095302 (2012). MIT 

(It is responsible for a SOC lattice!) 
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Realization of SOC in neutral ultracold atoms 

(gauge transformation):  
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Realization of SOC in neutral ultracold atoms 

X.-J. Liu, PRA 86, 033613 (2012). 
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Single-particle state 

folding into bands  
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Single-particle state (rf-spectroscopy) 

Momentum-resolved rf-transfer strength: 

Observed at MIT using spin-injection spectroscopy 

without lattice 
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Single-particle state (rf-spectroscopy) 

Momentum-resolved rf transfer strength: 

 

without lattice 

ARPES analogue (in solid state) X.-J. Liu, PRA 86, 033613 (2012). 
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Atomic topological insulator? 

Oleg Sushkov’s lecture II:  

 

2D triangle lattice + spin-orbit coupling = topological insulator   

some kinds of lattices + Raman coupling = atomic topological insulator   ? 

Anyway, I will show you atomic topological superfluid in the next lecture. 
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Single-particle state (Rashba SOC) 

 
yxxy

kkV  
RSO

λRashba SOC:  

2D behaviour at low energy?! 

to be realized yet… 
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Two interacting atoms with spin-orbit coupling 



07/12/2007 January 23-24 VSSUP2014 

Two-particle bound state 

or 

Let us consider the inter-atomic interactions: 

3D BEC-BCS crossover without SOC: singlet pairing   
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Two-particle bound state with ERD-SOC 

Solving:  

Hu et al., PRA 86, 053627 (2012). 

=0 
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Two-particle bound state with ERD-SOC 

Defining: 

Wavefunctions: 

Equation for energy: 


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Two-particle bound state with ERD-SOC 

If no SOC, then 

Equation for energy: 

and 
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Two-particle bound state with a general SOC 

L. Dong, L. Jiang, HH, & H. Pu, Phys. Rev. A 87, 043616 (2013). 
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Two-particle bound state with a general SOC 
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Two-particle bound state with ERD-SOC 

Two features: (i) bound state at as > 0 only and ERD SOC does not 

favour two-body bound state; (ii) In the axis of SOC, pair mass > 2m.   

=0 
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Two-particle bound state (rf-spectroscopy) 

Franck-Condon factor (Fermi golden rule again): 

final state energy Ef 

Initial state energy of the two-particle bound state 
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Two-particle bound state (rf-spectroscopy) 

Momentum-resolved rf transfer strength: 

RF field 
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Two-particle bound state (rf-spectroscopy) 

to be observed … 

)ω,(
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kF
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L. Jiang, X.-J. Liu, HH, & H. Pu, PRA 84, 063618 (2011); Carlos Sa de Melo et al. PRL (1993). 

Theoretical framework: functional path integral 

The partition function: 

(action) (1) HS transformation 

(2) Integrate out fermionic fields, and expand the pairing field around its mean-field 

(Mean-field) 

(Pair fluctuations) 

(q,ivn): Green function of Cooper pairs 

G0: Green function of fermions 
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Two-body study I: bound state with Rashba SOC 

Rashba SO coupling, 3D Fermi gas 

(q,): Green function of pairs 

density of states 
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Two-body study I: rashbons in the unitary limit  

Pairs have anisotropic mass:  Mz = 2m, but 

Rashbons are created by strong Rashba spin-orbit coupling ! 

HH, L. Jiang, X.-J. Liu, & H. Pu, Phys. Rev. Lett. 107, 195304(2011). 



07/12/2007 January 23-24 VSSUP2014 

Two-body study I: significance of rashbons  

Rashbons are created by strong Rashba spin-orbit coupling ! 

J. P. Vyasanakere & V. B. Shenoy, New J. Phys. 14, 043041 (2012). 
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More on (effective) interatomic interactions 

Problem:  

 

Consider the Rashba spin-orbit coupling, if atoms occupy 

the low-helicity branch, which may be regarded as a new 

spin-state, what is the effective interaction between atoms 

in this new spin-state? 

Interplay between SOC and interatomic interaction 
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More on (effective) interatomic interactions 

Solution: Rewrite the interatomic interaction using the 

field operator in the helicity representation!  
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More on (effective) interatomic interactions 
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More on (effective) interatomic interactions 
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More on (effective) interatomic interactions 

In case of a large Zeeman field:  
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More on (effective) interatomic interactions 

h hc 0 

s-wave + p-wave ? p-wave 

In our nature, no p-wave superconductors found so far !!! 
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Two-body study II: bound state with finite qCOM  

single-particle spectrum 

two-particle spectrum 

qCOM != 0 

EB 

L. Dong, L. Jiang, HH, & H. Pu, Phys. Rev. A 87, 043616 (2013). 
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Two-body study II: bound state with finite qCOM  

The significance of finite qCOM: 

 
 

• Implying inhomogeneous Fulde-Ferrell 

pairing, to be detailed later;  

 

• qCOM is along the direction of SOC; 

 

• The magnitude of qCOM can be greatly 

enlarged by many-body effect. 
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Summary 

synthetic spin-orbit coupling  

single-particle spectrum 

two-particle bound state 

rashbons 
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• Experimental realization of  SOC and two-body study (I & II) 

 

 

 

• Anisotropic superfluidity of  rashbons 

 

 

 

 

• Topological superfluid and Majorana fermions 

 

 

 

 

• Fulde-Ferrell superfluidity 

 

 

Outline of the lectures: exotic superfluids  

(No Zeeman field, two-body I) 

(Out-of-plane B-field, p-wave pairing) 

(In-plane B-field, two-body II) 



07/12/2007 January 23-24 VSSUP2014 

Lecture II: many-body physics, mean-field 
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Mean-field theory : general treatment 
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Mean-field theory : general treatment 
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Mean-field theory : general treatment 

Bogoliubov transformation 

field operators for Bogoliubov quasiparticles 
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Mean-field theory : general treatment 
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Mean-field theory : general treatment 
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Mean-field theory : general treatment 
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Mean-field theory : general treatment 

Note that, in the presence of harmonic 

traps, the mean-field treatment will be a bit 

different (to be discussed later). 

 

Fluctuations are difficult to handle… 

To calculate the physical quantities of interest, we express the Nambu 

spinor in terms of the field operators of Bogoliubov quasiparticles. 
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P-wave superfluids? 

h hc 0 

(s+p)-wave p-wave 

 
yxxy

kkV  
RSO

λ and Zeeman field h  
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Anisotropic superfluidity (no Zeeman field) 

Our work: 
− PRL 107, 195304 (2011); 

− PRA 84, 063618 (2011). 

Others:  
− Shenoy et al., PRB (2011); 

− Iskin et al., PRL (2011); 

− Sade Melo et al., PRA (2012); 

− ……  

 

Let us focus on Rashba spin-orbit coupling… 
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Anisotropic superfluidity (h=0): Condensed  rashbons 

Rashbons condense into a mixed singlet-triplet state!  

See also, Gor’kov & Rashba, Phys. Rev. Lett. 2001. 

For the condensed phase, we solve the mean-field action: 

weak SO coupling      stronger SO coupling  

In the unitarity limit: 

triplet p-wave pairing  

singlet s-wave pairing  
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The smoking-gun of anisotropic superfluidity: 

spin dynamic structure factor at long wavelength 

Anisotropic superfluidity: Condensed  Rashbons 

Swinburne: 

Bragg spectroscopy 

q, ’ 

q, ’+ 

Cloud 
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P-wave superfluids? 

h hc 0 

(s+p)-wave p-wave 

 
yxxy

kkV  
RSO

λ and Zeeman field h  
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Topological superfluidity  

(out-of-plane Zeeman field) 

Our work: 
− PRA 85, 021603(R) (2012); 

− PRA 85, 033622 (2012); 

− PRL 110, 020401 (2013); 

− PRA 87, 013622 (2013). 

Others:  
− Mueller et al., PRA (2012); 

− Sade Melo et al., PRL (2012); 

− ……  



07/12/2007 January 23-24 VSSUP2014 

P-wave superconductors 

Read & Green, PRB 2000 

Defining a Nambu spinor  

2D chiral p-wave superconductor: 
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P-wave superconductors 

A topological defect – Skyrmion – forms when  > 0. 
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Consider the spin vector  

in k space: 
where 

! applicable to 1D as well: 
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P-wave superconductors: zero vortex-core mode 

if conventional superconductors 

consider vortex state… 

if weak p-wave superconductors: 

CdGM bound states 

index theorem, Volovik JETP 93 

Tewari et al, PRL 07 

Kopnin and Salomaa, 91 
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Majorana fermions 

Majorana fermion: particle is its own antiparticle 


 γγ

21
γγ ic 

Simple idea of  Majorana (1937):  

An ordinary Dirac fermion = two real fermions 
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Majorana fermions !!! 

Particle-hole symmetry in BdG equations: 
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Majorana fermions 

transition occurs only if energy gap close. 
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P-wave superfluids? 

h hc 0 

(s+p)-wave p-wave 

 
yxxy

kkV  
RSO

λ and Zeeman field h  
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2D cold-atom settings for topological superfluids 

Recipe for topological superfluid: (C. Zhang, PRL 08 for cold-atoms) 

 

Feshbach s-wave resonance 

Rashba spin-orbit coupling 

Large Zeeman field 

22
 

c
h
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2D trapped SOC atomic Fermi gases + BdG 

Hamiltonian 

Single-particle Hamiltonian 

Interaction Hamiltonian 

Mean-field BdG theory: 

Self-consistency: 

Single vortex 

(Rashba SOC) 
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Low-lying Bogoliubov quasi-particles 

FaFF
EETEk 2.0,0,1/λ 

0h

CdGM bound states 

Quasi-particle excitation spectrum in the presence of a single vortex 

Non-topological Topological 

Majorana fermions 



07/12/2007 January 23-24 VSSUP2014 

Phase diagram 

NS: non-topological superfluid 

TS: topolgical superfluid 

X.-J. Liu, L. Jiang, H. Pu, and HH, Phys. Rev. A 85, 021603(R) (2012). 

Normal 

h > hc 



07/12/2007 January 23-24 VSSUP2014 

Wavefunctions of Majorana fermions 

F
Eh 6.0

1. Bond and anti-bond hybridization                 and                solutions. 
 

*


vu  *


vu 

2. Quasiparticle tunneling               energy splitting. 

(Topological superfluid phase) 
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Probing Majorana fermions in 2D 

Directly: Use the spatially resolved rf-spectroscopy (cold-atom STM).  
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1D cold-atom settings for topological superfluid 

Equal Rashba and Dresselhaus SOC 
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Requires: T < 0.1TF 

Currently for 40K atoms: T = 0.6TF 

X.-J. Liu and HH, Phys. Rev. A 85, 033622 (2012). 

X.-J. Liu, Phys. Rev. A 87, 013622 (2013).  

Characterizing 1D topological superfluid (rf) 

Majorana fermions 

Majorana fermions by spatially-resolved rf-spectroscopy (cold-atom STM): 
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Universal impurity-induced bound state 
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Fulde-Ferrell inhomogeneous superfluidity  

(in-plane Zeeman field) 

Our work: 
− PRA 87, 043613 (R) (2013); 

− PRA 88, 023622 (2013); 

− PRA 88, 043607 (2013); 

− NJP 15, 093037 (2013). 

Others:  
− C. Zhang et al., PRA (2013); 

− Yi and Zhang et al., PRL (2013); 

− Shenoy, PRA (2013); 

− Pu et al., NJP (2013); 

− Zhou et al., PRA (2013). 
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Fulde-Ferrell pairing – a 50-year-old puzzle  

two-particle spectrum 

qCOM != 0 

Han Pu: FF superfluid in the many-body setting?  

Fulde Ferrell 
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Fulde-Ferrell pairing – a 50-year-old puzzle  

• BCS Cooper pairs have zero momentum 

• Population imbalance leads to finite-momentum pairs (FF 1964, see also LO) 

• Fulde-Ferrell-Larkin-Ovichinnikov (FFLO) instability results in textured states 

• Spontaneously breaks translational symmetry 

Q  EF↑ ─EF↓ 

LO superfluid FF superfluid 

(x)  eiQx (x)  cos(Qx) 
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M. W. Zwierlein, A. Schirotzek, C. H. Schunck, and W. Ketterle, Science 311, 492 (2006) 

3D trapped Fermi gas: superfluid core with polarized halo… 

Fulde-Ferrell pairing – a 50-year-old puzzle  
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Sheehy and Radzihovsky, Ann. Phys. (2007) 

FF(LO) is not favored in 3D. 

Fulde-Ferrell pairing – a 50-year-old puzzle  

Enhanced by spin-orbit coupling? 

Yes! The deformation of Fermi surfaces due to spin-orbit coupling and in-plane 

Zeeman field provides another mechanics for FF pairing instability (Barzykin & 

Gor’kov PRL 2002; now realized by a number of researchers: Han Pu, V. B. 

Shenoy, C. Zhang, W. Yi, W. Zhang…)  
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Fulde-Ferrell pairing – a 50-year-old puzzle  

Fermi surfaces (SOC &  in-plane field) 
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Fulde-Ferrell pairing – a 50-year-old puzzle  

Fermi surfaces (SOC &  in-plane field) 

field h 

q  h 

Fermi surfaces (population imbalance) 

Q  EF↑ ─EF↓ 

FF superfluid 

LO superfluid 
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Fulde-Ferrell pairing instability: ERD-SOC 

FF is always favorable! 

X.-J. Liu and HH, Phys. Rev. A 87, 043616(R) (2013). 

 = 2ER 
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Fulde-Ferrell phase diagram: ERDSOC 

X.-J. Liu and HH, Phys. Rev. A 87, 043616(R) (2013). 

T = 0.05 TF 
qCOM != 0 

kF 

LO 
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Direct rf probe of the Fulde-Ferrell superfluid 

X.-J. Liu and HH, Phys. Rev. A 87, 043616(R) (2013). 

 = 2ER 
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Fulde-Ferrell superfluid with Rashba SOC  

HH and X.-J. Liu, NJP 15, 093037 (2013). 

finite-T mean-field phase diagram Thouless criterion leads to a 

better critical temperature. 

qmax != 0 indicates FF instability 

X.-J. Liu, PRA 88, 043607 (2013). 
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Topological Fulde-Ferrell superfluid (1D) 

X.-J. Liu and HH, Phys. Rev. A 88, 023622 (2013). 

Topological + Fulde-Ferrell  =  Topological Fulde-Ferrell ?   



07/12/2007 January 23-24 VSSUP2014 

Summary 

Anisotropic superfluidity Topological superfluidity Fulde-Ferrell superfluidity 

Our work: 
− PRL 107, 195304 (2011); 

− PRA 84, 063618 (2011). 

Others:  
− Shenoy et al., PRB (2011); 

− Iskin et al., PRL (2011); 

− Sade Melo et al., PRA (2012); 

− ……  

 

Our work: 
− PRA 85, 021603(R) (2012); 

− PRA 85, 033622 (2012); 
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